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Abstract

In the era of increasingly complex AI models
for time series forecasting, progress is often mea-
sured by marginal improvements on benchmark
leaderboards. However, standard evaluations rely
on aggregate metrics (e.g., MSE) that conflate
model capability with the intrinsic difficulty of
the evaluated instances. To address this, we pro-
pose a diagnostic framework anchored in Spec-
tral Coherence Predictability (SCP), which pro-
vides an efficient O(N log N) per-instance dif-
ficulty reference and yields a corresponding lin-
ear MSE lower bound. Complementing this, we
introduce the Linear Utilization Ratio (LUR)
to quantify how effectively models exploit lin-
early predictable structures across frequencies.
Experiments on synthetic and real-world bench-
marks show that SCP aligns strongly with re-
alized forecasting errors across diverse state-of-
the-art forecasters. Using this lens, we uncover
“predictability drift,” revealing that task dif-
ficulty is not static but fluctuates significantly
over time and variables. Furthermore, stratified
evaluation exposes complementary architectural
strengths across distinct frequency bands and dif-
ficulty regimes. Overall, we advocate moving
beyond leaderboard-style ranking toward a more
insightful, predictability-aware evaluation that
fosters fairer model comparisons and a deeper
understanding of model behavior. Code and
data are available at https://github.com/
WanjinVon/TS_Predictability.
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1. Introduction

Despite the proliferation of ever-more-complex models for
time-series forecasting, true progress in the field remains
notoriously difficult to measure (Bergmeir, 2024). The com-
munity relies on standard metrics, such as Mean Squared
Error (MSE) and Mean Absolute Error (MAE), which sum-
marize prediction errors but provide little insight into why
those errors occur. This is problematic because aggregate
errors conflate model limitations with instance-level pre-
dictability of the data, which changes across time, channels,
and frequency bands. This ambiguity leads to an evalua-
tion dilemma: a sophisticated model may appear inferior
to a baseline simply because the test sequence is regular
and therefore easy to predict. Consequently, these metrics
obscure the origins of performance gaps and hinder scien-
tific iteration. Beyond mere ranking, the field requires a
diagnostic framework that quantifies instance difficulty in
alignment with forecasting objectives, enabling stratified
evaluation and revealing where models under-utilize avail-
able information (Erkintalo, 2015).

To resolve this evaluation dilemma, we must quantify time-
series predictability to establish a difficulty reference for
each forecasting instance. However, designing such a diffi-
culty metric for modern deep-learning forecasting presents
several challenges (Pennekamp et al., 2019). First, the met-
ric must be task-aligned: its theoretical foundation should
cohere with multi-horizon forecasting under a squared-error
loss, rather than traditional single-step classification ac-
curacy (Mishra & Palanisamy, 2018). Second, it must
be computationally efficient to handle the massive, high-
dimensional time series prevalent today (Fiecas et al., 2019).
Finally, a single global predictability score is insufficient: a
practical tool must be diagnostic, offering insights to reveal
where a model succeeds or fails in capturing predictable
patterns.

Viewed through the lens of these challenges, existing tools
are ill-suited for this purpose. Traditional proxies for pre-
dictability, such as entropy-rate estimators and Lempel-Ziv
complexity, suffer from a fundamental paradigm mismatch
(Aboy et al., 2006). They were primarily developed for
symbolic dynamics and discrete prediction settings, where
the goal is to characterize sequence complexity or next-
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symbol predictability under 0-1 loss, rather than multi-
horizon regression performance under squared error (Zhao
et al., 2021). Computationally, they are often prohibitively
expensive—typically entailing quadratic-to-cubic complex-
ity—and rely on strict stationarity assumptions, rendering
them impractical for the large-scale, non-stationary datasets
common in modern applications (Kontoyiannis et al., 2002;
Wyner & Ziv, 2002). Finally, these approaches typically
yield a single global score, offering limited diagnostic in-
sight into where difficulty arises or how a model fails to
exploit available information across time, channels, or fre-
quency bands. These gaps motivate a new, forecasting-
oriented framework for quantifying instance difficulty and
diagnosing model-data mismatch.

To bridge this gap, we introduce a diagnostic framework
grounded in spectral coherence that is computationally effi-
cient, aligned with the squared-error forecasting objective,
and designed to provide multi-scale insight. Our framework
consists of two core components: 1) Spectral Coherence
Predictability (SCP), a per-instance difficulty reference
that quantifies the amount of linearly exploitable informa-
tion available for forecasting. SCP can be computed in
O(N log N) time and supports scalable, instance-level strat-
ification. 2) Linear Utilization Ratio (LUR), a frequency-
resolved diagnostic that quantifies how effectively a model
exploits linearly predictable component across different
spectral bands, enabling fine-grained assessments of under-
utilization, saturation,and potential gains from non-linear
modeling. Together, these tools shift evaluation from sim-
ple model ranking toward model—data diagnostics, enabling
difficulty-aware comparisons and actionable insights into
when and where models fail to exploit available structure.
Across synthetic and real-world benchmarks, we show that
SCP is well-calibrated as an instance-difficulty proxy and
strongly correlates with the empirical errors of state-of-the-
art forecasters. Moreover, the proposed diagnostics reveal
substantial time variation in instance difficulty (predictabil-
ity drift), enabling fairer stratified evaluation that uncovers
architecture-dependent strengths beyond what aggregate
scores can capture, and providing practical guidance for
developing more robust forecasting models.

In summary, our contributions are as follows:

* We systematically address evaluation ambiguity in mod-
ern time-series forecasting by introducing a predictability-
aware diagnostic framework that separates model perfor-
mance from instance difficulty.

* We propose Spectral Coherence Predictability (SCP),
a computationally efficient and task-aligned instance-
difficulty reference, together with Linear Utilization Ratio
(LUR), a frequency-resolved diagnostic for analyzing how
models utilize linearly predictable components.

» Extensive experiments validates this framework’s align-
ment with state-of-the-art models. We leverage it to un-
cover predictability drift and to enable stratified evaluation
that highlights complementary strengths across different
models.

2. Related Work

Our work is positioned at the intersection of two key re-
search areas: the quantification of sequence predictability
and the use of spectral methods for time-series analysis.

Predictability of Time Series. Entropy-based notions have
long been used to proxy sequence predictability, from Shan-
non’s entropy and entropy rate to variants usable on con-
tinuous data (approximate, sample, fuzzy, and permuta-
tion entropy) (Shannon, 1948; Pincus, 1991; Richman &
Moorman, 2000; Bandt & Pompe, 2002; Garland et al.,
2014). Compression-driven estimators (e.g., Lempel—Ziv)
provide nonparametric estimates of entropy rate for sym-
bolic, stationary sources (Ziv & Lempel, 1977). These ap-
proaches have also been popular in human mobility, where
spatio-temporal regularity supports predictability limits un-
der coarse symbolizations (Gonzélez et al., 2008; Song et al.,
2010; Wang et al., 2021). However, they face three key limi-
tations for general forecasting: (i) computational burden and
the need for discretization of continuous data; (ii) theoret-
ical misalignment with multi-step squared-loss objectives;
and (iii) sensitivity of differential entropy to reparameteriza-
tion and divergence issues in non-stationary settings (Mo-
hammed et al., 2024). Consequently, existing predictability
studies have primarily focused on intrinsic predictability
or theoretical performance limits (Song et al., 2010; Chen
et al., 2022; Mohammed et al., 2024), but are not directly
designed for real-valued multi-step time-series forecasting,
and have rarely been framed as a predictability-centered
evaluation framework for understanding realized forecast-
ing performance, model bias across regimes, and temporal
predictability drift.

Spectral Analysis in Time Series Forecasting. Spectral
analysis is a cornerstone of time-series modeling, inspiring
many recent deep learning architectures. For instance, Aut-
oformer was designed with an auto-correlation mechanism
to discover period-based dependencies efficiently (Wu et al.,
2021). FEDformer directly integrates Fourier transforms
into attention for frequency-domain computation with re-
duced complexity (Zhou et al., 2022). TimesNet captures
complex multi-periodicity by transforming the 1D time se-
ries into a 2D representation for analysis (Wu et al., 2023).
These methods all leverage spectral properties to build better
models. In contrast, our work uses spectral coherence to
build a novel diagnostic framework for analyzing data pre-
dictability and evaluating the utilization of existing models.
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3. Preliminaries

Problem setup and notation. We focus on a setting in
which an observed sequence is decomposed into a past
(history) portion used as input and a future portion serving
as ground-truth for evaluation. Formally, a sample consists
of a history X € RNx and a future y € RNY drawn from a
distribution D. The goal is to learn a measurable predictor
f : RNx — RNy that produces a forecast ¥ = f(x). We
evaluate predictions with the mean squared error (MSE) per
forecast step:

1

where || - ||2 denotes the Euclidean norm. The objective is
to minimize the expected risk E(z.,) p[MSE(f;X,y)].

Intrinsic predictability via Bayes risk. Under the MSE
metric, the risk-minimizing predictor is the conditional ex-
pectation f7(X) = E[y | X] (Chen et al., 2016). The corre-
sponding minimum achievable risk (Bayes risk) is

1 2
MSE’ = E — y—E[y[x] ; . 2
N, Y EyIX @
Using the unconditional variance Var(y) as a baseline, we
define intrinsic predictability as the normalized reduction of

uncertainty: ,
MSE"
P o=1-— . 3
x Var(y) @
By the law of total variance, Var(y) = MSE? + Var Ely |
X] , hence PZ, € [0,1]. At the extremes, Py, = 1 if
and only if Var(y | X) = 0 almost surely, i.e., ¥ is a
deterministic function of X. Conversely, P)?(y = 0 if and
only if Var E[y | X] = 0, i.e., the conditional mean EJy |
X] is constant and X conveys no information for predicting
the mean of y.

While P;y provides a rigorous theoretical ceiling, it re-
mains computationally elusive. The conditional distribu-
tion P(y|X) is inaccessible for high-dimensional time series
given finite data and unknown generative processes. This
raises a critical practical question: Can we define a com-
putable surrogate for difficulty that is computationally effi-
cient and remains strongly correlated with real-world model
performance?

4. Method
4.1. Spectral Coherence Predictability

To answer this question, we introduce the Spectral Coher-
ence Predictability (SCP). Bridging the gap between the the-
oretical Bayes risk (Eq. 3) and practical computation, SCP
serves as a tractable surrogate. Instead of estimating the full

Algorithm 1 Spectral Coherence Predictability (SCP)

Require: History x € RNx, future y € RNv; Welch pa-
rameters; optional frequency band Fy.
Ensure: MSE linear lower bound MSE, and predictability
Pxy-
1: Mean removal: my < mean(z), my < mean(y);
A (my —mx)?; T2 —Mmx, Yy —my.
2: Welch spectra: Compute the PSD By (f). Dyy( f) and
the CPSD Bxy( f) on the discrete frequency domain F.
3: Squared coherence:

1By ()2
Bux(f) +e Byy(f) +e

P (f) + € [0,1].

4: Residual spectrum: 9. (f) < By (f) 1 = 72(f) ,
VfeF.
5: Frequency set: F> < Fy, if a band Fy, is provided;
otherwise F» + F.
6. Aggregate:
<
k) « By (), MSEw < A%+ Be(f).

f2F-> f2F,

7: Predictability: Pyy < 1 — MSEyp /().
8: Return: MSE|p, Pyy .

conditional distribution, SCP leverages frequency-domain
structure to quantify how much of the future segment y is
linearly explainable by the history X.

We operate in the frequency domain using Welch’s method.
Let byy (f) and By (f) denote the power spectral densities
(PSD) of y and X, and let ny (f) denote their cross—power
spectral density (CPSD). All spectra are computed on the
same discrete Fourier transform (DFT) grid with identical
Welch parameters after mean removal. The squared coher-
ence between Y and X is

2

Yy (f) = b By (1) €01, @

xx(f) +e€ byy(f) +e€

where € > 0 is a small term for numerical stability (Mandel
& Wolf, 1976; Wang et al., 2019). Interpreting %Z(y(f) asa
linearly explained—power ratio, the unexplained (residual)
spectrum is

Be(f) = Byy(F) 1—%2<y(f) : )]

Let F denote the discrete frequency domain under our nor-
malization, so that the total spectral power equals the sample
variance, i.€.,

Byy (f)- (6)
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fter mean removal, the residual spectral powerAlgorithm 2 Linear Utilization Ratio (LUR)

foF Qe(f) gives a lower bound on the MSE of any linear Require: Historyx 2 R N+, futurey 2 R Ny, model predic-

time-invariant predictor, and thus serves as a stationary- tion ¢ 2 RN ; Welch parameters; optional frequency
linear reference for instance-level dif culty (Davenport Jr 4 K ’ ’

et al., 1958). For nite non-stationary sequences, howeverEnsure. Model
the boundary means of the history and prediction windows ratib LUR
may differ. To conservatively account for such boundary 1: '

—explained powdPmqqe; linear utilization

Meanremoval: x X mean(x) ;y y mean(y) ;

mean mismatch, we add a mean-shift term ¢ ¢ mean( )

2 = mean(y) mean(x) 2: Welch spectra:
This gives the following conservative linear reference error: 8, (f); 8, (f); 8y (f); 8y (F); 8y (f); 8f 2F:

X
MSEp, = 2+ 8.(f): ) 3: Coherences:
f2F
. ;5

Here,MSE), should be interpreted as a conservative sur- 3)( Q) JQVX ()i
rogate lower bound relative to the chosen stationary-linear 8y(M+" B (f)+"
reference.

. N 2 Sy () 2
The SCP estimate of predictability is then de ned as v () - -

8y +" 8y M+
Py = max 0;1 MSEp 2 [0; 1]: (8) 4: Frequency set:F, F if a bandFy is provided;
Yar(y) otherwise b F.
5: Power—weighted aggregation:

Algorithm 1 summarizes the steps. Computationally, with X
fast Fourier transform, SCP codB{N logN) per sam- Prmodel j}%(f) ny );
ple. This is substantially lower than matching—based Lem- f2F -
pel-Ziv—style predictability estimators, which typically en- X
tail at least quadratic—to—cubic time in sequence length (e.g., Plinear yzx ) @W (f):
O(N ) in naive implementations) and usually target sin- f2F -

gle—step predictability, whereas SCP yields a multi—step 6:

estimate aligned with the evaluation horizon. LUR ratio: LUR P modef=Plinear

7: Return: Pmode|; P”near; LUR.

Theoretical interpretation. If (x;y) is jointly Gaussian
and wide—sense stationary around the boundary, the Bayes

predictor is linear (Ko & Fox, 2009). In this case, Eq. (8) is a(EQ. (4)), which quanti es the fraction of the target power
consistent estimator of the intrinsic predictabiRy, asthe atfrequency thatis linearly associated with the history
effective sample size grows. For general processes, highihe second is the prediction-target coherence, measuring
non-linear or non-stationary components often manifest a§ow much ofy’s power is captured by the model prediction
stochasticity (noise) in limited-sample regimes. Thereforef at frequency f:

by treating these components as unexplained variance, SCP QW\ f 2
provides a robust and conservative baseline. It captures the 2 (f) = ® 2 [0:1]:  (9)
reliable signal structure while avoiding the pitfall of over t- @yy )+ @N f)+"

ting to chaotic dynamics that are theoretically deterministic
but practically unpredictable. Nevertheless, our frameworkComparing these two coherences vyields a per-frequency
is not limited to the linear setting. We discuss extensionsliagnosis:
that incorporate nonlinear dependencies in Appendix B.2.

* Under-utilization ( 2, < Z,): The model fails to cap-
4.2. Linear Utilization Ratio ture simple linear correlations present in the history, indi-

, . , cating optimization failure or under tting.
Instead of relying solely on pointwise error metrics (e.g.,

MSE/MAE), which summarize how close a forecast is to* Saturation ( 7. £): The model has fully exhausted
the target but not why it succeeds or fails, we introduce a the linear information irx, hitting the baseline perfor-
frequency-resolved diagnostic. mance ceiling.

Our method, detailed in Algorithm 2, is built on two key  Non-linear Advantage ()?y\ > 3x)5 The model sur-
quantities: The rst is the history—future coherenc@o ) passes the instance-wise linear limit. This indicates the
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successful exploitation of non-linear dynamics or global
inductive biases learned from the training set (cross-
instance patterns).

To summarize over frequencies while emphasizing high-
energy regions, we compute power-weighted aggregates on
the discrete frequency domain F:

X
Prmodel = 2,(f) 8y (); (10)

f)%F (@)
Piinear = 2 (f) 8y (f): (11)

f2F

To explicitly quantify the ef ciency with which a model
captures this predictable energy, we de ne the Linear Uti-
lization Ratio (LUR):

P
LUR = —model o (12)
linear
An LUR < 1 indicates information los§ UR 1 suggests b)
that the model approaches the linear optimum, whereas
LUR > 1 indicates additional predictive gains enabled byFigure 1. Calibration of SCP against Model Error. (a) Synthetic

cross-channel linear dependencies, nonlinear structures, Yalidation: MSE of the best linear predictor on a synthetic Gaus-
global modeling capabilities sian process with varying SNR. (b) Real-World Alignment: Av-

erage performance of state-of-the-art prediction models on real
To analyze behavior across scales, we additionally pap_atasets. We report normalized MSE (NMSE), obtained by divid-
tition the discrete frequency domain into disjoint bands'"9 MSE by the corresponding variance.

fF bg., (e.g., low/mid/high), using the band partition as in

Algorithms 1 and 2. This yields band-limited counterparts

MSEp; Pxy:b, andLURy, which enable localized diagno- 5.1. Toy Study

sis of under-use, saturation, or beyond-linear gains W|th|r\1Ne rst validate our proposed SCP scdeand its associ-
each frequency band.

ated linear reference errttSE, in a controlled synthetic
) setting. Speci cally, we consider a Gaussian process with
5. Experiments additive noise at varying Signal-to-Noise Ratios (SNRs) and

. . . evaluate an optimal linear forecaster (Fig. 1a). As noise
This section empirically evaluates our framework across

. ) . ecreases (higher SN, increases monotonically toward
both controlled synthetic environments and extensive reaﬂne’ while the model MSE approachdsEy, . Across all

world benchmarks. Detailed experimental settings are prqoz : .
vided in the appendix. Our analysis is guided by thregS'\le’MSE'b remains below the realized MSE, and the gap

research questions: shrinks at high SNR, indicating that the linear forecaster

q ' increasingly saturates the data-implied linear reference in

. Q1 (Calibration): Is the proposed SCP metric well- the near noise-free regime. Overall, this toy study supports
' . both the calibration of our metric (monotonic response to

calibrated as an mstanp € preQ|ptab|I|ty proxy: Speql controllable noise) and the tightness of the reference in the
cally, does it correlate with empirical forecasting errors in linear regime

practice, even for complex non-linear models evaluated

on real-world data (Secs. 5.1 and 5.2)? _ . . :
5.2. Aligning Predictability and Forecasting

* Q2 (Dynamics): What insights can this dif culty-aware Performance
lens reveal about time-varying data characteristics, such . . . . .
as predictability drift (Sec. 5.3)? p|avmg validated SCP in a controlled synthetic setting, we

next examine whether it aligns with forecasting performance

» Q3 (Diagnostics): How can the framework facilitate on real-world benchmarks. We evaluate ve state-of-the-
a more comprehensive, strati ed evaluation to uncoverart (SOTA) models, including Transformer-based methods
the differential strengths of forecasting architectures?iTransformer, PatchTST), a CNN-based model (TimesNet),
(Secs. 5.4 and 5.5) and linear baselines (DLinear, TimeMixer), across widely
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Table 1. Long-term multivariate forecasting results. We report MSE, MAE, NMSE for forecasting lengths equal to history length

N 2 f96;192; 336; 720g under an identical protocol (same preprocessing and no drop-last). Bold marks the best (lowest) MSE/MAE per
column across models. Average rows give the column-wise mean across models. Predictability reports the per-task linear MSE lower
bound (MSk) and SCP P (higher is easier). Results on additional datasets are provided in Sec. C.3.

| Merric | ETTh1 | ETTh2 | ETTml | ETTm2 | ECL | Weather
Models Metric

‘ 96 192 336 720 ‘ 96 192 336 720 ‘ 96 192 336 720 ‘ 96 192 336 720 ‘ 96 192 336 720 ‘ 96 192 336 720
MSE | 0.387 0.441 0.471 0.70E 0.301 0.381 0.426 0.4250.342 0.345 0.379 0.44E 0.186 0.254 0.289 0.38E 0.148 0.156 0.170 0.19E 0.176 0.214 0.255 0.353

ransformer | \AE | 0405 0.440 0464 06080350 0405 0433 04550377 0378 0403 04490272 0319 0341 04070239 0250 0266 02870216 0255 0290 0357

NMSE | 1.121 1.095 1056 1.2921.598 1.829 1.563 14321340 1167 1140 1.15p1.609 1696 1595 1.91y0.288 0.268 0.280 0.3192.629 2.353 2.032 2.150

(L etal., 2024) R 0.844 0.876 0.899 0.74y0.907 0.883 0.877 0.8420.845 0.782 0.803 0.86p0.868 0.834 0.898 0.8400.723 0.778 0.821 0.8260.900 0.876 0.801 0.824

MSE | 0.381 0.440 0.482 0.63
MAE | 0.400 0.434 0.460 0.56.
NMSE | 1.131 1.069 1.062 1.15!

R 0.815 0.889 0.848 0.79

0.289 0.377 0.390 0.4350.322 0.337 0.380 0.48
0.340 0.406 0.423 0.4530.359 0.372 0.396 0.46
1540 1724 1524 14461303 1105 1.135 1.20]
0.916 0.801 0.909 0.90$0.829 0.781 0.752 0.79;

0.329 0.375 0.463 0.7400.346 0.342 0.372 0.41
0.380 0.410 0.472 0.6090.374 0.369 0.389 0.41!
2927 2067 2728 3.8961.327 1205 1.208 1.1211.676 1722 1.620 1.7930.868 0.678 0.574 0.6843.507 2.899 2.474 2.069
0.845 0.880 0.798 0.4390.868 0.887 0.819 0.88#0.833 0.813 0.910 0.9020.880 0.867 0.909 0.864#0.924 0.931 0.911 0.923

0.293 0.357 0.363 0.4060.322 0.328 0.365 0.41%0,177 0.230 0.276 0,35%0.167 0.151 0.167 0,21E0.l76 0.202 0.247 0.309

0.176 0.231 0.280 0.37
0.259 0.296 0.332 0.39
1.493 1485 1.498 1.68!
0.843 0.867 0.910 0.73

0.187 0.242 0.278 0.37.
0.281 0.315 0.338 0.40

0.153 0.155 0.172 0.21.
0.245 0.244 0.264 0.31
0.282 0.274 0.286 0.33
0.706 0.607 0.682 0.88

0.195 0.163 0.169 0.19
0.277 0.259 0.268 0.29

0.169 0.198 0.249 0.347
0.215 0.242 0.291 0.355
2.602 2161 2107 2162
0911 0.862 0.885 0.852

0.197 0.225 0.263 0.315
0.255 0.282 0.314 0.354

TimeMixer

(Wang et al., 2024

MSE | 0.383 0.422 0.447 0.50
MAE | 0.396 0.421 0.448 0.51
NMSE | 1.214 1.143 1310 1.78
R 0.869 0.878 0.872 0.80
MSE | 0.391 0.429 0.436 0.46

%
E
PatchTST E
|
i
5

DLinear

(Zeng et al., 2023)|

MAE | 0.403 0.426 0.440 0.48:
NMSE | 1.074 1.065 0.982 1.03
R 0.849 0.900 0.916 0.90¢

MSE | 0.389 0.460 0.487 0.64.
MAE | 0.412 0456 0.477 0.58:
NMSE | 1.205 1.227 1.113 1.34

R 0.869 0.881 0.915 0.87

MSE
MAE
NMSE

0.342 0.387 0.402 0.4420.358 0.364 0.390 0.4190.258 0.294 0.329 0.3850.252 0.242 0.258 0.3040.217 0.243 0.281 0.331
1541 1580 1.318 1.3801.245 1.093 1.130 1.0791.549 1471 1485 16120320 0.267 0.292 0.33p2.777 2159 1.987 1.818
0.918 0.901 0.907 0.8660.867 0.803 0.789 0.86]10.834 0.845 0.892 091y 0.777 0.761 0.739 0.9000.931 0.873 0.850 0.900

0.337 0.405 0.399 0.44%0.334 0414 0.429 0.48R0.189 0.239 0.320 0.3830.168 0.189 0.209 0.3050.169 0.220 0.272 0.334

(Nie et al., 2023)

TimesNet 0371 0424 0433 04680.375 0414 0434 04770.266 0306 0357 04080.272 0.291 0308 03820219 0.265 0.301 0.350

1.952 2115 1556 1.5271.391 1.424 1352 1.36
0.886 0.920 0.911 0.8640.813 0.652 0.741 0.83

0.310 0.379 0.408 0.49E0.333 0.353 0.385 0.44

1.714 1621 1.933 2.01.
0.904 0.908 0.863 0.90

0.183 0.239 0.289 0.37

0.267 0.306 0.339 0.39
1.608 1599 1.626 1.80!

0.316 0.345 0.350 0.48:
0.735 0.809 0.737 0.96!

0.166 0.163 0.177 0.22

0.257 0.257 0.273 0.31
0.415 0.366 0.356 0.43:

2,555 2531 2.294 2035
0.912 0.903 0.868 0.865

0.177 0.212 0.257 0.332

0.224 0.257 0.295 0.349
2.814 2421 2179 2047

(Wu et al., 2023)

0.386 0.438 0.465 0.58
0.403 0.435 0.458 0.55(
1.149 1120 1105 1.32

Average 0.357 0.406 0.434 0.4850.369 0.379 0.402 0.444

1912 1863 1.738 19361321 1199 1.193 1.18

MSEp
P

0.354 0.417 0.404 0.41
0.422 0.379 0.368 0.38

0.175 0.248 0.295 0.36.
0.415 0.315 0.230 0.27

0.239 0.219 0.167 0.24
0.751 0.755 0.829 0.77

0.185 0.244 0.278 0.317

Predictability ‘ 0.345 0.240 0.228 0.289

0.298 0.360 0.309 0.3560.228 0.307 0.513 0.43
0.305 0.270 0.302 0.26y0.590 0.460 0.268 0.35

used datasets. To ensure a fair comparison, we follow a
strictly controlled protocol: (i) the forecast horizon and
lookback window are xed and identical across all models;
and (ii) the common “drop—last” heuristic is disabled to
avoid subtle sampling biases. For correlation analysis, we
compute the Pearson coef cieRt between each model's
empirical MSE and the estimated linear lower bound MSE
over the test set, aggregating across samples and variables
to obtain a global summary statistic.

As shown in Table 1, MSE aligns closely with the realized
errors of diverse forecasters across datasets and horizons, @
with Pearson correlations typically arouRd 0:8 . This
supports the intended interpretation of MSEwhile it is
formally a lower bound for linear time-invariant predic-
tors, it functions empirically as a reliable instance-dif culty
reference, indicating where forecasting is systematically
easier or harder given the available history. In particular,
instances deemed hard by our metric (high MSBw P)
consistently yield larger prediction errors across all tested
architectures.

Beyond dataset-level averages, we observe substantial (b)

within-dataset heterogeneity: both predictability and em-

pirical error vary markedly across variables, suggestingigure 2. Per-variable scatter plots on Weather (a) and ECL (b)
that a single aggregate score can obscure important strt%“rggigngetgﬁ;s;'“;ﬁgerd(mggower bound (M3Bwith iTrans-
ture. Figure 2 visualizes the relationship between MSE P del -

and iTransformer's realized MSE at the channel level for

Weather and ECL. The near-linear trend indicates that the

proposed estimate can localize dif culty at ne granularity, over horizons and report, for each dataset, the msth
separating channels that are intrinsically hard to forecastf SCPP together with the realized NMSE (Fig. 1b). The
from those that are structurally predictable. relationship is strongly inverse: datasets with higheend

to exhibit lower NMSE across a broad range of architectures.

To compare dif culty across datasets, we further aggregat;ezor example, ECL consistently shows higReand lower
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NMSE, whereas Weather shows lovierand higher NMSE, The contrast becomes more pronounced in the higher-
matching the dif culty ranking induced by the proposed frequency bands. Here, DLinear attains noticeably larger
Proxy. LUR than PatchTST and iTransformer. One plausible expla-
Ultimately, the observation that no single architecture domi-natlon Is that the linear baseline tends to allocate capacity

. o ... broadly across the spectrum, whereas Transformer-style
nates across all settings underscores a critical reality: pef-

formance is inextricably linked to the variability of the ex- models behave more select_ively, prioritizing Iow-frequency
ploitable information across time, variables, and spectra?omloonerlts that are both higher-energy and typically more

. . . .mpredictable, while de-emphasizing bands that are lower-
components. These ndings necessitate the shift from sim= . . . :
energy and often dominated by irregular uctuations. This

ple Ieaderbpards to thg dif culty-aware diagnostic analysesdemonstrates their more sophisticated inductive bias for
presented in the following sections. Lo .
typical time-series data.

5.3. Time-Varying Predictability 5.5. Predictability-aware Evaluation

Standard evaluation metrics average errors over an entiEEI . -
test set, implicitly treating the forecasting task as statistically though most models_ attain a S|m|I_ar average MSE (around
' 0:38 on ETTh1 at horizomN=96, this aggregate score can

stationary. For real-world time series, this assumption is . ; .
. i . . . mask meaningful differences in where models succeed or
often violated: the amount of exploitable information can

chanae over time. even within a sinale variable fail. To expose these behaviors, we stratify the test set
9 ' 9 ' by the instance-level predictability scoreand evaluate
Figure 3 reveals a clear coupling between model error angerformance within equal-width P bins (Fig. 5).
the available predictable energy. When th'e total predlctabl. he strati ed results reveal clear architectural trade-offs.
share drops, or when the dominant predictable bands shift "_. : . X
) ; . n Fig. 5a, nonlinear forecasters (e.g., TimesNet) achieve
across time, the forecasting error rises sharply for both

) ; o lower error in the lowP regime, which corresponds to hard
models. This shows that predictability is not a xed property e . .
i . samples with limited linearly exploitable structure, whereas
of a dataset; instead, the task alternates over time betwe

. . . I inear becomes more competitive and can even dominate
easier and harder regimes. We refer to this time variation as : ; . .
; o . in the highP regime, where samples are easier and linear
predictability drift.

information is abundant. In Fig. 5b, where the distribution
These observations also clarify why aggregate test-set statis- skewed toward lowP, the three high-capacity models
tics can be misleading: performance differences are partiall{iTransformer, TimeMixer, PatchTST) show similar errors,
confounded by the changing dif culty of the evaluated in-while DLinear degrades more noticeably on the hardest bins,
stances. They motivate dif culty-aware evaluation proto-consistent with a capacity and expressivity limitation under
cols, which can separate model limitations from uctuationslow linear predictability. These contrasts highlight comple-
in the data and provide more actionable guidance for modeinentary strengths across architectures: nonlinear models

development. excel when the linear predictable signal is scarce, whereas
linear models are highly competitive when predictability is
5.4. Band-wise Evaluation high.

To obtain a more ne-grained view of model behavior, we
use the Linear Utilization Ratio (LUR) to analyze forecast-
ing performance in the frequency domain. Speci cally, We tapje 2. SCP and linear MSE lower bound (MSEnder different
partition the spectrum into disjoint frequency bands andaelch con gurations.

report (i) the band's share of total target energy and (i) the

5.6. Sensitivity to Welch Parameters

. . Parameter Value SCP (mean std) MSEp (mean std)
corresponding LUR for several representative models. 025 5344 0,100 156 0153
. . . . . Window-length fraction (,=N) 0.30 0:345 0:110 0:186 0:133
Figure 4 highlights clear architectural differences. In the 0.35 0:367 0:108 0:183 0:133
low-frequency bands, which contain most of the signal en- 0.45 0:362 0:109 0:184 0:134
. Overlap () 0.50 0:344 0:109 0:185 0:133
ergy and typically host the most stable structure, all three 0.55 0:351 0:109 0:185 0135
ibi i ili i i Hann 0:345 0:110 0:186 0:134
models exhibit high gtlhlzatl.on. The|_r LUR values broadly Window type o g o361 o110 0:186 0134
follow the energy distribution. This suggests that each Blackman  0:335 0:110 0:187 0:135

model is able to capture a substantial portion of the domi-

nant components. Within these bands, PatchTST and iTrang/e evaluate the sensitivity of SCP to the Welch hyperpa-

former achieve slightly higher LUR than DLinear, indicating rameters. On the Weather dataset with horizon xed to

more effective extraction of linearly predictable componentN=96, we vary three factors: the window-length fraction

from the same history. Lw=N, the overlap ratio, and the tapering window (Hann,
Hamming, Blackman). We us@. ,,=N; ;window) =
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Figure 3. Visualizing Predictability Drift. ETTh1 test set, channel 1, horigbir 336 . Relationship between per-sample linearly
predictable energy (decomposed by frequency band as a share of total) and the corresponding MSE of DLinear and PatchTST.

Figure 4. Band-wise analysis on ETTh1, representative channel. @)
Normalized energy shares and LUR across frequency bands for
three models.

(0:25; 0:5; Hann)as the default setting, and vary one hy-
perparameter at a time while keeping the others xed.

As reported in Table 2, both the mean SCP and the mean
MSE,, change only modestly across the tested ranges, sug-
gesting that the estimator is stable under standard spectral
con gurations. The comparatively large standard devia-
tions primarily re ect genuine heterogeneity in the data, i.e.,

predictability varies substantially across instances. ()
Figure 5. ETTh1 dataset with forecasting lendth= 96 : per-
5.7. Variable History Window channel evaluation strati ed by predictabiliy. Samples are

grouped into equal-widtf® bins; each point reports the mean

Table 3. Effect of history window lengtR, on model error (MSE, MSE within the bin.

MSEp) and correlation R on ETTh1 (N= 336).

History length N,

Model Metric 96 192 336 720
. MSE 0.491 0.479 0.471 0.480
iTransformer .

R 0808 0842 0.899 0.832 As N, changes, the absolute MSE of both models varies,
DLinear MSE 0491 0480 0.447 0.449 re ecting the practical sensitivity of forecasting accuracy

R 0788 0.840 0.872 0.853 ;

to the amount of available context. In contrast, the Pear-

Predictibility MSE, 0.431 0.433 0404 0424 son correlatiorR between MSE and per-sample errors

remains consistently high across history lengths (typically
We conduct this study on ETTh1l with a xed predic- R 0:80 ). This suggests that SCP captures a stable notion
tion horizonN,=336 and varying history lengthbl, 2 of instance dif culty that is not tightly coupled to a speci c
f96; 192; 336; 720g evaluating both iTransformer and choice ofNy, even when the models' absolute accuracy
DLinear. Table 3 summarizes the results. depends on the history window length.
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6. Conclusion Bandt, C. and Pompe, B. Permutation Entropy: A Natural
) i o ) Complexity Measure for Time Series. Physical Review

Standard fprecastmg me_tncs con ate model limitations with Letters, 88(17):174102, April 2002. ISSN 0031-9007,

instance dif culty, obscuring why errors occur. We proposed 14797114 doi: 10.1103/PhysRevLett.88.174102.

a predictability-aligned diagnostic framework based on spec-

tral coherence. SCP provides an efcie@(N logN))  Bergmeir, C. Fundamental limitations of foundational fore-

instance-level dif culty reference and a corresponding lin-  casting models: The need for multimodality and rigorous

ear MSE lower bound, while LUR offers a frequency- evaluation. In Proc. NeurlPS Workshop, 2024.

resolved measure of how effectively a model exploits lin-

early predictable structure. Experiments on synthetic anéhen, X., Guntuboyina, A., and Zhang, Y. On Bayes risk

real benchmarks show that SCP/MShre well-calibrated ~ lower bounds. Journal of Machine Learning Research,

and strongly aligned with realized errors, enabling dif culty-  17(218):1-58, 2016.

aware evaluation. We further reveal pronounced time- an%hen 7. Kelty, S., Evsukoff, A. G., Welles, B. F., Bagrow
variable-level variatipn_in predictability (predictability drift) 3. l,\/le.rllezes,, R and Gho,shz;\l, G Contr,ast.ing.;, social a,nd
and show thqt stratifying results by SCP exposes comple- non-social sources of predictability in human mobility.
mentary architectural strengths. In summary, we advocate Nature communications, 13(1):1922, 2022

moving beyond model ranking toward predictability-aware ' ' ' '
diagnostics that enable fairer comparisons and more actiomavenport Jr, W. B., Root, W. L., and Weiss, G. An intro-
able understanding of model behavior. duction to the theory of random signals and noise, 1958.

Erkintalo, M. Predicting the unpredictable? Nature Photon-

Impact Statement ics, 9(9):560-562, 2015,

This paper presents a diagnostic framework for time-series. . .
forecasting evaluation by quantifying instance-level pre—E'ecaS.’ M.,_Leng,_C., L|_u, W., a_nd Yu, Y. Speciral analysis
dictability and analyzing how models utilize linearly pre- of high-dimensional time series. 2019.
dictable structure. The primary intended impact is to imarljand, J., James, R., and Bradley, E. Model-free quanti -
prove fairness, transparency, and interpretability in model cation of time-series predictability. Physical Review E,
comparison, and to reduce wasted computation by distin- g9o(5):052910, November 2014. ISSN 1539-3755, 1550-
guishing intrinsically hard instances from model de cien- 5376 doi: 10.1103/PhysRevE.90.052910.
cies.
Beyond evaluation, the proposed metrics provide a rig_Gonz’aIez, M. C., Hidalgo, C. A, and Barasi, A-L. Un-

’ derstanding individual human mobility patterns. Nature,

orous basis to guide future architectural innovations and  j537196):779-782, June 2008. ISSN 1476-4687. doi:
training strategies. Speci cally, our predictability scores 10.1038/nature06958

can enable the design of adaptive architectures, such as

Mixture-of-Experts (MoE) systems that dynamically route Ko, J. and Fox, D. GP-BayesFilters: Bayesian Itering us-

samples based on dif culty, as well as data-ef cient training  ing Gaussian process prediction and observation models.

paradigms like predictability-aware curriculum learning and  Autonomous Robots, 27(1):75-90, July 2009. ISSN 0929-

hard sample mining. We do not anticipate broader soci- 5593, 1573-7527. doi: 10.1007/s10514-009-9119-x.

etal risks beyond those commonly associated with general

time-series forecasting applications. Kontoyiannis, I., Algoet, P. H., Suhov, Y. M., and Wyner,
A. J. Nonparametric entropy estimation for stationary

processes and random elds, with applications to English
text. IEEE transactions on information theory, 44(3):
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A. Experimental Setup
A.1l. Toy Study

We synthesize a multiband Gaussian process and evaluate linear forecasting under controlled band-limited noise. Signals
are split into history/future with boundary-paired segments of lehgtl+ 512 from a total lengtt2N with N = 1024.

Power spectra and coherences are estimated via Welch's method (Hann windowyauiifF 256 andngyeriap= 128. The

forecaster is a causal FIR least-squares Iter (Wiener approximation) of léngih= 64 with ridge10°® . The base process

has four spectral peaks at rFFT bi3®; 96; 192; 384gwith widthsf6; 10; 14; 18gand amplitude$3:0; 2:0; 1:5; 1:0g We

sweep noise level®; 0:25; 0:5; 1:0; 2:0; 4:0¢on a single band (index 1 in the plot) and average Gveials, reporting

model MSE, MSHk,, and SCP.

A.2. Backbone

We evaluate ve state-of-the-art backbones spanning diverse architectures: Transformer-based (iTransformer (Liu et al.,
2024), PatchTST (Nie et al., 2023)), MLP-based (DLinear (Zeng et al., 2023), TimeMixer (Wang et al., 2024)), and
CNN-based (TimesNet (Wu et al., 2023)). We adopt the of cial implementations and recommended hyperparameters from
their repositories. To ensure strict comparability, we x the forecasting horizon and enforce equal input and output lengths
for all backbones (no “drop-last”), using identical preprocessing and dataset splits across models.

A.3. Datasets

We conduct experiments on eight standard long-horizon multivariate forecasting benchmarks: ETTh1l, ETTh2, ETTm1,
ETTm2, ECL, Weather, Trafc, and ILI. These datasets cover electricity systems, meteorology, transportation, and
epidemiology, and are widely used in recent long-horizon time series forecasting studies. Table 4 summarizes the basic
statistics and forecasting horizon settings used in this extended evaluation.

Table 4. Detailed descriptions of the datasets used in our extended evaluation. “Number of variables” gives the dimensionality of each
dataset. “Dataset size” denotes the total number of time points in the training, validation, and test splits. “Prediction length” denotes the
forecasting horizon; four horizon settings are used for each dataset. “Frequency” is the sampling interval.

Dataset Dim  Prediction Length Dataset Size Frequency  Information
ETTh1, ETTh2 7 f96;192; 336; 720g (8545, 2881, 2881) Hourly Electricity
ETTm1, ETTm2 7 f96;192;336; 720g (34465, 11521, 11521) 15min Electricity
ECL 321 96;192; 336; 7209 (18317, 2633, 5261) Hourly Electricity
Weather 21 96;192;336;720g (36792, 5271, 10540) 10min Weather
Trafc 862 96;192;336; 720g (12185, 1757, 3509) Hourly Transportation
ILI 7 f60; 729 (617, 74,170) Weekly Epidemiology

A.4. Time-to-Frequency

For each test instance we split the sequence into higtayd futurey (equal lengths by default), remove sample means,
and estimate power and cross-spectra with Welch's method using identical settingsyfoand (when availablej:
Hann window with lengthn,i, = b0:25N ¢, 50%overlap, and real FFT on the one-sided dfidvith variance-preserving
normalization. We form squared coherences with a small ridge stability, compute the residual spectrum to obtain the
linear lower boundMSE, and predictability? =1 MSE |, =Var(y), and derive utilization metrics (global or band-wise)
via target-power—weighted aggregation gf and J, .

B. Method Extensions

In the main text, we focus on univariate predictability and its linear component, and use spectral coherence to quantify the
linearly exploitable information between a history segmemind its futurey. This choice is deliberate: the univariate linear
formulation yields a conservative and highly interpretable dif culty reference, requires minimal modeling assumptions, and
can be implemented ef ciently with standard spectral estimators. As a result, it provides a practical diagnostic baseline that
is easy to reproduce and robust in the nite-sample, non-stationary regimes common in real-world forecasting benchmarks.

At the same time, the proposed framework is not limited to this setting. It naturally supports extensions to multivariate time

11
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Algorithm 3 Multivariate Spectral Coherence Predictability (S&GR)

Require: Historyx 2 R %N  futurey 2 R% N : Welch parameters (window, length, overlap); stability constan® ;
optional frequency band -
Ensure: Multivariate MSE lower bound MS, and predictability F"“'“ .
1: Meanremoval: 2 k y  «k3; x X WYY
2: Welch spectra: Compute matrix-valued PS8, (f), 8y (f) and CPSD8, (f)onF;set 8, ()= 8y ().
3: Multichannel Wiener spectra:

8 ()= 8x() Bu(+" a0 ~ By 8= 8y(H) 8y (h):

4: Frequency set: F, F if Fyis provided; otherwise & F.
5: Aggregate:

Iti

X X
Yar(y) tr 8, (f); MSE [l 2+ tr 8.(f):

f2F » f2F ,

6: Predictability: P 31" 1 MSE muti ~gfar(y).
7: Return: MSE”‘“"I . p)r(r;/ulti _

series, where cross-channel dependencies can be incorporated through matrix-valued spectral estimates and coherence-based
diagnostics, as well as nonlinear variants that aim to capture dependence beyond linear time-invariant structure. These
extensions can be bene cial when cross-variable interactions or nonlinear dynamics carry substantial predictive signal.

We defer the detailed derivations and algorithmic variants to the appendix to keep the main presentation general and easy
to adopt. The multivariate and nonlinear versions introduce additional estimation choices (e.g., conditioning strategies,
regularization, or nonlinear dependence measures) that are not required for our core claims and empirical ndings, but are
important for completeness and for practitioners who wish to apply the framework in richer settings. Below, we summarize
these extensions and provide the corresponding formulations.

B.1. Multivariate Extension

B.1.1. MULTIVARIATE SCP

We extend the univariate SCP in Sec. 4.1 to multivariate histories and futures with input dimensidnatity output
dimensionalityd Letx; 2 R% andyt 2 R% denote a lengtiN history—future pair, and let = (x 1;:::;Xn) 2

R&N -y =(y 1;::yn) 2 RS N | Using Welch's method with shared parameters for all components, we compute
multivariate power spectral density (PSD) and cross—power spectral density (CPSD) matrices on a discrete freqiency grid

8u(f)2C §y(MH2c >y, 8yM2c®; (13)
and seﬂ?yx )= @xy (f) M, where H denotes the Hermitian transpose.
At frequency f, the optimal linear time—invariant predictor from x to y in the least-squares sense has transfer matrix
1
H) = 8 Su®+" o (14)

where" > 0 is the same Tikhonov regularization as in Eq. (4), dqdis thedy d y identity matrix. The spectrum of the
linearly predictable component of y is then

8y () = HE) S (MHE " = 8u(f) Bu()+"1 4 ' 8y () 2 CcHy: (15)

In the scalar casé, =dy =1, Eq. (15) reduces t8y (f) = | 8, (F)j 2= 8« (f)+" ; which coincides with the univariate
expression 2 y (F) ny(f) in Eq. (4).
The residual spectrum matrix is

8(f) = 8y() 8y  8f2F: (16)
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Algorithm 4 Multivariate Linear Utilization Ratio (LURu)

Require: Historyx 2 R &N futurey 2 R% N | predictiong 2 R% N ; Welch parameters (window, length, overlap);
stability " > O; optional band F;. .
Ensure: Multivariate model-explained powerBye, linear—explainable power;R.ay, and utilization ratio LUR
1. Meanremoval: x x mean(x); y y mean(y); ¥ ¥ mean( ¥).

2: Welch spectra: ComputeB,, () , 8,y () . §5°4) . 8y (1) . 8y () onF; set, (f) = 8y () " and8y (f) =
SRS

3: Linear limit (per frequency):

8"  8(f) Sa®+" o 8y () Pineall) tr Sy (f):

4: Model-explained power (per frequency):

Pmoce(f) tr 8(f) 8D+ o, * 8y (D)

5: Frequency set: F, F if aband R, is provided; otherwise ¥ F.
6: Aggregation: X X
PIinear Plinear(f); P model Pmodel(f):
f2F f2F -

7: LURatio: LUR it P mode'z_Plinear-
8: Return: F’model; Plinear; LURmUItI .

SinceQN (f) is the least-squares projection@fy (f) onto the subspace linearly spannedxhyhe true residual spectrum
is positive semide nite, and the regularizatiting, stabilizes this property numerically. Let the estimated total variance
(total power) of y be the trace—aggregated spectrum

X
Yar(y) = tr 8, (f); (17)

f2F

wheretr( ) denotes the matrix trace. Using the same frequency grid, the multivariate MSE lower bound induced by linear
time—invariant predictors is

. X
MSER™™ = 2+ tr8(f); (18)
f2F

where 2 is the same boundary mean-shift term as in the univariate case, generalized tg the-@imensional setting.

The multivariate SCP is de ned by normalizing the residual energy as in Eq. (8):

MSE:’\b’luIti
Qar(y)

When ¢ =dy =1, Eq. (19) reduces exactly to the univariate SCP in Eq. (8).

Pt =1 2 [0;1]: (19)

B.1.2. MULTIVARIATE LUR

The spectrum of the linearly predictable component in Eq. (15) induces the linear—explainable power

Pinealf) = tr Sy (f) = tr  8x(f) Eu®)+" o, * 8y () : (20)
For the model, we form the auto- and cross-spectra of the prediction,
greih2c vy gum2c iy 8= 8" (21)
and de ne the model-explained power via the optimal linear projection of y onto the subspace spagned by
Procelf) =t 80(f) 54O+ o, * 8y () (22)
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Aggregating over the discrete frequency domain F,

X X
Plinear = Piinead); P model = Pmodel(f); (23)
f2F f2F

and normalizing as in Sec. 4.2 gives the multivariate linear utilization ratio
i Pmodel
LUR™Mt = _Mmoce. 24
PIinear ( )

When ¢ =dy = 1, these expressions reduce to the univariate de nitions|@éd Pmoder and LUR.

B.2. Nonlinear Extension

The SCP framework is linear by construction: it characterizes the best linear time—invariant (LTI) predictor in the original
observation space. To relax this restriction while preserving the same spectral machinery, we introduce a nonlinear feature
map

R* IR %, zi= (x {)2R%; (25)

and apply multivariate SCP in the resulting feature space. We then form the feature seqeeuce :::;zy) 2 R4 N
The map can use explicit nonlinear features (e.g., polynomial expansions or a shallow encoder), or be de ned implicitly by
akernek(x;x 9 =h (x); (x 9i in an RKHS. Using the same Welch con guration as before, we estimate the multivariate
spectra

8.(f2c®':  §,MH2acHiy;  §,(f2c v, (26)
and se®,, ()= §,(f)".

In feature space, the optimal LTI predictoryfrom z takes the same form as the multivariate Wiener lter in Eq. (14), but
with (x; 8 ) replaced by (z8,,):

HM) = 8.0 8.0+ o (27)

where" > 0 is the same Tikhonov regularization as before byyds thed, d , identity. The spectrum of the component
of y that is linearly predictable from the nonlinear features is

1
M =H ) &NOH O = §:() 8.(M)+" o M 2Cc ¥ (28)
When is the identity map (d = dy and z = x {), Eq. (28) reduces to the multivariate linear spectrum in Eq. (15).
The residual spectrum under the feature-space predictor is
B = 8y (M 8f2F; (29)

which is positive semide nite in the ideal (population) setting. Aggregating as in Eq. (17), the total varianemdfthe
corresponding nonlinear MSE lower bound are

X X
Yar(y) = tr 8, (F); MSE & = 2+ tr 8k (f); (30)
f2F f2F

where 2 is the same boundary mean—shift term used in Eq. (18), applied to the multivariate setting.
The nonlinear SCP is then obtained by normalizing the feature-space residual:

MSE[S"

Qar(y) '

Py =1 (31)

This quantity measures the fraction of future variance that is explainable by LTI predictors acting on the chosen nonlinear
feature representation, providing a feature-dependent notion of nonlinear predictability.
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B.3. Variable History Window (N x 6= N)

Let Ny andNy denote the history and future lengths used for SCP. The construction only requires that a contiguous
history—future pair exists around the boundaMy; andN, need not coincide. Given a Welch segment lerigthand
overlap ratio overlap 2 [0; 1), the effective shift between consecutive segments is

=L w(1 overlap);
and the approximate number of Welch segments for a sequence of length N is

N L w

K(N;L ;overlap) L. (L overlap)
w

(32)

As a concrete example, consider a history winddyw= 192, a longer future horizoiy, = 336, and a Welch window
Lw = 64. With an overlap obverlap = 0:5, the hop size is= 64(1 0:5) =32 , and the corresponding numbers of
Welch segments are

k j k

j j
Ky K(192;64;0:5)= 1284 +1=5 = K, K(336;64;0:5)= 3% +1=0:

For each segment we form windowed signalgt) andyy(t) of lengthL,,, compute their discrete Fourier transforms
Xk (f) and Y (f), and de ne the auto-spectra by Welch averaging

X

1 R 1R
8.(h= o X% 8yM= —  MHi*
X k=1 Y k=1

The cross-spectrum is computed on the aligned history—future portion at the boundary: we use&thg Rshin(K ;Ky)

segments from the history and the Hst,,;, segments from the future, denote theirtransformé(lﬂi}so ) andYk(f”t) ),
and set

Qxy (M) = 1 | xlEhlst) (f) Yk(fut) (f):

Thus the shorter side effectively limikSpai and hence the stability (Qxy (f) , while additional segments on the longer side
primarily reduce the variance of the marginal auto-spectra.

B.4. Beyond Evaluation

The predictability scores from SCP (and its multivariate / nonlinear varigysp [0; 1] can be used not only for post-hoc
analysis, but also to shape how data are selected and organized during training.

Hard-example mining For a datasef(x @ ;y® )gM, with per-sample predictabilitp® P ,, (x® ;y®), we can
directly use #) to reweight the loss:

hd
i=1

with < 0 . This up-weights intrinsically predictable segments and down-weights near-unpredictable ones that mainly
contain irreducible noise.

Curriculum learning The same scores induce a simple curriculum over data dif culty. LegS_, be a decreasing
sequence of thresholds, > ,> > . Atstage s, we restrict training to

Ds = i: PO (34)
i.e., the model rst sees highly predictable segments, and progressively incorporates samples wit{loa®s increases.
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Anomaly detection and change points On a time series stream, we compute predictability over a sliding window ending
at timet, for examplePy = Py (Xtn+1t 3 Yw1en ). L€t p; p be the mean and standard deviatiorPpfon a reference
(normal) period. We ag t as anomalous when

Pt p > P (35)

with a chosen threshold> 0 . Sudden drops or spikes iy indicate changes in intrinsic predictability, and thus potential
regime shifts or anomalous behavior.

B.5. Comparison with time-domain correlation diagnostics

Classical time-domain tools such as the autocorrelation function (ACF) provide a convenient way to visualize second-order
structure by plotting correlation as a function of lag. ACF is particularly useful for qualitatively assessing periodicity and
dependence decay. However, it is primarily a descriptive tool for the self-correlation of a single series. In particular, ACF
does not directly quantify how well a future window can be linearly predicted from a past window under the MSE objective,
especially in the multi-horizon, multivariate setting we consider.

In contrast, our SCP/LUR framework is explicitly constructed around the past—future prediction task. SCP is derived from
the cross-spectral density and coherence between the history and future segments, and measures the fraction of the future
variance that is linearly explainable from the observed history, yielding an MSE-aligned notion of intrinsic predictability.
LUR further decomposes this explainable energy across frequency bands, revealing which parts of the spectrum are well
captured or systematically missed by a given model.

A simple example illustrates the difference between naive time-domain correlation and spectral coherence. Consider two
noiseless signals
Xt =sin(! ot); yt¢ = cos(! ot):

Herey; is a phase-shifted version gf, obtained by a linear time-invariant transformation. In other woyds perfectly
linearly predictable from x.
If we look only at the zero-lag Pearson correlation

xy (0) = corr(x ¢; yt);
and average over many periods by treating stlas uniform on [0; 2 ], we obtain

E[sin cos ]=0;
hence ,y (0) = 0. A time-domain diagnostic based solely on zero-lag correlation would therefore suggesatitit are
“unrelated”, even though y is deterministically generated from x by a linear lIter.

In the frequency domain, bothandy have all their energy concentrated at the same frequeg.cyheir cross-spectrum at
I o differs only by a constant phase factor, so the squared coherence

jsxy (! O)j2
Sxx (1 0) Syy (! 0)

evaluates to ?(! o) = 1. In our framework, this implies a linear MSE lower bound of zero and SCP equal to one: the
spectral diagnostic correctly recognizes thé fully predictable fromx despite the phase shift. This example highlights

that simple time-domain summaries such as zero-lag correlation can miss strong linear predictability when phase shifts or
distributed lags are present, whereas coherence (and thus SCP) aggregates information over all lags at each frequency and is
invariant to such shifts.

2(1o) =

C. Supplementary Experiments
C.1. Sensitivity to Frequency-band Partitioning

As illustrated in Figures 6a and 6b, changing the band boundaries affects the absolute LUR values within each band, but the
qualitative conclusions remain unchanged. Across all con gurations, iTransformer consistently achieves higher LUR in
the low-frequency region where most signal energy concentrates, whereas DLinear performs better in the high-frequency
bands. The frequency centrdighnoig €Xhibits the same ordering: DLinear attains the largest centroid, while PatchTST
and iTransformer remain close.
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